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Abstract 

We introduce linear Dirac and generalized complex structures on Cartan 
geometries and give criteria for Dirac subalgebras of q x q* representing Dirac 
structures on a Cartan geometry. We prove that there is a bijection between 
the linear generalized structures on a torsion free Cartan geometry and the 
equivariant generalized structures on its corresponding homogeneous space. 



1 Introduction 

Generalized complex geometry was introduced in [12] as a common generalization 
of complex and symplectic structures and has found several applications in physics 
and mathematics. Using the identification between the Lie algebra g of a Lie group 
G and left invariant vectors field on TG, equivariant Dirac structures and gener- 
alized complex structures on homogeneous spaces have been classified in [T8] by 
the Lie algebra information of the homogeneous spaces. This gives a description of 
equivariant Dirac structures in terms of algebra data. 

Cartan geometry is a common generalization of Riemannian geometry, confor- 
mal geometry and Klein geometry, which generalizes the linear tangent spaces of 
the former to the more general homogeneous spaces of the latter. It has been a 
unifying framework and a powerful tool for the study of conformal, projective, CR 
and related contact structures in differential geometry. Roughly speaking, a Cartan 
geometry is a curved analogon of a homogeneous space, twisted by a curvature k 
(see [3J, [S]). Every Cartan geometry has a corresponding flat model (homogeneous 
space G/P) and a Cartan connection which plays the role of the Cartan 1-form in 
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the homogeneous space case. So just like the construction of equivariant Dirac struc- 
tures in homogeneous spaces by using the Cartan 1-form, it is natural to introduce 
certain Dirac structures in a Cartan geometry, which we will call linear, by using 
the Cartan connection. As a curved homogeneous space, Cartan geometry inherits 
the generalized structure on its flat model (homogeneous space) in some sense. This 
gives a description of such Dirac structures in terms of Lie algebra data and allows 
us to provide some new examples of generalized complex structures. 

The paper is organized as follows. In Section El we recall some basic notions of 
Dirac and generalized complex structures. In Section El we give the basic notions of 
Cartan geometry including Cartan connection and Cartan curvature. In Section HI 
we introduce linear generalized structures on Cartan geometry and give criteria for a 
Dirac subalgebra of q k q* to represent a Dirac structure on a Cartan geometry. We 
prove that there is a bijection between the linear generalized structures on a torsion 
free Cartan geometry and the equivariant generalized structures on its corresponding 
homogeneous space. 

2 Dirac and Generalized Complex Structures 

In this section, we introduce the basic definitions of Dirac and Generalized complex 
structures, see [7] for more details. For a manifold M, there is a natural bilinear 
form onT := TM :7*.\/. given by pairing (X+£, Y + tj)tm®t*m = v(X) + Z(Y) for 
I,y 6 r(TM) and £, 77 G T(T*M). Furthermore, T is equipped with the Courant 
bracket defined by 

{X + £, Y + rjj = [X, Y] + L xV - L Y £ - ±d{r}(X) + £(¥)). (1) 

The bracket [-, ■] and the bilinear form (-, ■) extend C-bilinearly to T c = T ® C. 

Definition 2.1. Given a manifold M, a real (complex) almost Dirac structure on 
M is a maximal isotropic subbundle D of T (T c ). A real (complex) almost Dirac 
structure is called a real (complex) Dirac structure if it is integrable with respect to 
the Courant bracket. 

Definition 2.2 ([Tj). A generalized almost complex structure on M is a map J : 
T — y T such that J is orthogonal with respect to the bilinear form (-, ■) and J 2 = — 1. 
A generalized almost complex structure J is called a generalized complex structure 
if the \-eigenbundle of J in T c is integrable with respect to the Courant bracket. 

It is easy to see that the i-eigenbundle D of a generalized complex structure J 
is actually a maximal isotropic subbundle of T c , so it is a complex Dirac structure 
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and the following theorem shows that the study of generalized structures lies in the 
framework of Dirac structures. 

Theorem 2.3 (|7j). A generalized (almost) complex structure J is equivalent to a 
complex (almost) Dirac structure D such that D fl O = 0. 

It is well-known that for a Dirac structure D on TM © T*M, the real index r of 
D satisfies: 

r := dim c D n W = m (mod 2), 

where m is the dimension of the manifold M. So generalized complex structures 
only exist on even- dimensional manifolds and are actually kinds of minimal real 
index Dirac structures. For odd- dimensional manifolds, we could also study the 
minimal real index Dirac structures, i.e. D fl D is a trivial (under some geometric 
consideration) subbundle of TM@T*M . They have been researched in some slightly 
different form under the name generalized contact geometry. 

3 Cartan geometry 

Roughly speaking, a Cartan geometry is the curved analogon of a homogeneous 
space twisted by a curvature k. 

At first, let us recall the basic definitions in Cartan geometry. 

Definition 3.1. Let G be a Lie group with Lie algebra g, a Cartan geometry (it : 
Q — > M,u,G/P) of type (G,P) is given by a principal bundle Q — > M with 
structure group P equipped with a g-valued 1-form (Cartan connection) satisfying 
the following conditions: 

1. the map u p : T P Q — > q is a linear isomorphism for every p G Q; 

2. R a * oj = Ad(a _1 ) ou Va e P, where R a denotes the right action of an element 
a in the structure group; 

3. oj((,a) = A, \/A G p where p is the Lie algebra of P and (a is fundamental 
vector field on Q generalized to A G Q. 

The curvature of a Cartan connection is defined to be a 0-valued 2-form k G 
T(A 2 TQ®q) 

k := du + cj]. (2) 

Given a homogeneous space (G, P), with the left invariant Cartan 1-form, we see 
that they satisfy the conditions of Definition [XH and the curvature k = dw+|[w, u] = 
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(Maurer-Cartan equation). So homogeneous spaces are flat Cartan geometries, 
and for a Cartan geometry (ir : Q — > M, u,G/P), we see the corresponding homo- 
geneous space (G, P) as its flat model. 

One simple property is that the curvature k is equivariant (because u is equiv- 
ariant). Hence, we can view k as a 2- form on M with values in the vector bundle 
Q x P q (associated to the adjoint representation of G). Moreover, k is a horizontal 
form (see [1]), i.e. for £ £ T V P (T V P is the vertical distribution of principal bundle 
(Q,P)), we have ■) = 0. This is to say, we can view k as a function valued in 
A 2 (fl/P)* <8> 0, i.e. k £ C°°(Q, A 2 ( /p)* ® 0). 

We say that a Cartan geometry is torsion free if its curvature function takes 
values in the subalgebra p C only. 

As a particularly interesting case let us consider parabolic geometry, i.e. a 
Cartan geometry where is semisimple and p is a parabolic subalgebra of 0. We 
know that (see [I]) for a semi-simple Lie algebra 0, a parabolic subalgebra p is 
equivalent to having an \l (-grading of 0: 

= Q-i H h 0-i + 0o + 0i H h Sz 

with [0i,0j] C Qi+j, 0_ = Q~i + • ■ • + 0_i is generated by 0_i and we have the 
following facts about this grading: 

1. There exists a grading element E £ q such that [E, A] = iA if and only if 
A £ Qu 

2. The Killing form B(-, •) defines isomorphisms 0_j = 0* and B(Qi,Qj) = for 
all j ^ -i. 

Now, the curvature of a parabolic geometry can be defined as the function k : 
Q — > A 2 g*_ ® : p i — > k p with 

k p (A,B) = du p (u; 1 (A),u; 1 (B)) + [A,B], VA,B £ S . 

We can decompose the curvature in terms of this grading, i.e. 

«»(p) : a2 0- — > 0i> i = -/,•• • , /• 
So a parabolic geometry is torsion free if and only if = 0, for alH = 1, . . . , /. 

4 Generalized Structures in Cartan Geometry 

In this section, we introduce linear generalized structures in Cartan geometry. In 
the case of homogenous spaces, they are the generalized structures researched in 
PI- 
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Given a Cartan geometry (n : Q — > M, oj, G/P), because the map u p : T P Q — > 
g is a linear isomorphism for every p G Q, we can identify TQ with ^xg and denote 
the inverse by to . Now consider the natural morphism F from Q x (g ffi g*) to 
T£ ffi T*£ defined by 

f(a + = ur 1 ^) + w *(0, VAer(^x Ue r(s x g*), 

then for every subspace D of g © g*, we have F(D) is a subbundle of TQ © T*£, i.e. 
for every point p in Q 

F(D) P = {a;- 1 (A) + u\i)\A + (GD}. (3) 
Define a bilinear form on the sections of Q x (g © g*) by the natural pairing 

(A + f , 5 + 77)gx (0 © *) = 77(A) + £(5), 

for all A,5 6 r(0 x g) and £, 77 G r(0 x g*). 

Define a semidirect product Lie algebra structure on the vector space gffig*, i.e. 

[A + £, B + r/] gxg * = [A, B] B + ad* A r] - ad* B ^ MA + £, -B + 77 G g ffi g*, 

and denote it by g x g*. 

Definition 4.1. v4 subalgebra of g Kg* is called a Dime subalgebra if it is a maximal 
isotropic subspace of g © g* . 

We see that a Dirac subalgebra is just the usual notion of a Dirac structure for 
the Courant algebroid on g © g* over a point. 

Now we give the criteria for a Dirac subalgebra D representing a Dirac structure 
on Q. Define K : A 2 (Q x (g © g*)) — ► Q x g by 

if (A + f , B + 77) = ^oT^A), co-^B)), 

for every A, £ G T(£ x g), f , 77 G T(£ x g*). 

Moreover we define a 3-form G T(A 3 ^ x (gffig*)) such that for every ei, e 2 , e 3 G 
r(^x (gffig*)) 

@(ei, e 2 , e 3 ) = (if (ei, e 2 ), e 3 )gx( B eg-) + (if (e 2 , e 3 ), ei) gx(gffig *) + (if (e 3 , d), e 2 )g x(geg *). 

Theorem 4.2. Lei (tt : ^ — > M,u),G/P) be a Cartan geometry, then for every 
Dirac subalgebra D of g x g*, F(D) is a Dirac structure of TQ ffi T*£? z/ and only if 
@|f(d) = 0, i.e., 

(K(e u e 2 ), e 3 ) gx(0eg .) + (if (e 2 , e 3 ), ei) gx(gffig .) + (if (e 3 , e^, e 2 ) gx(geg *) = (4) 
/or a// e±, e 2 , e 3 G D. 
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Proof. F(D) is obviously maximal isotropic, we just need to prove that [r(F(D)), T(F(D))] C 
r(F(D)), i.e. for every A + £, B + r/eD (see as constant sections of Q x (g © g*)) 

{F(A + 0, F(B + 77)] = lu-\A) + , u-\B) + u*( V )] C F(D). 

By formula ([2]), i.e. du + ^[u,u] = k, we have for every A, B, C G g and ^ 6 g* 
(seen as constant sections of Q x g and Q x g* respectively), 

^(ur^ur 1 ^)) = do; (or 1 (A), a;- 1 (5) ) + i^Kar 1 ^),^ 1 ^)), 

After some simple computations, we get 

\uj-\A)^\B)\ = ^([A,B] S + k(cu-\A),cu- l (B)j). (5) 

where [•, -] fl denotes the pointwise Lie bracket of Q x g. On the other hand, it is easy 
to obtain the following formulas: 

{u~\A)M{v)\ {u-\C)) = -aj*( V )(u-\[A,C] B )) -u*( V )(u;-\k(u;-\A),u;-\C)))) 

= -v([AC] s ) - (77, Kiu-^Alu-^C))), (6) 
[^(0,^(^)1 = 0. (7) 

By ©, © and ©, we get 

[ U -\A)+ U ^), U -\B)+ U *(r,)l 
= oj~ 1 ([A,B] 9 + K{uj~ 1 (A),oj- 1 (B)))+u J *( a d* A r ] ) 

- ( v , k(u-\A), •)) - ^(ad* B o + (£, k(w _1 (B), •)) 

= F(L4 + f , 5 + r/] 0Kg *) + u}~ 1 (k(u}~ 1 (A),uj~ 1 (B))) 

-(r/,^- 1 (A),-)) + (e,^ 1 ( J B),-)), (8) 

where (77, k{u~ 1 (A), •)) G r(T*£) is defined by 

(t},k(u-\A),-))(X) = (77, ^aT 1 ^),*)}, for all X G Y{TQ). 

Now assume A + £, 5 + 77 G D, then [[A + £, 5 + £] G F(D) if and only if 

B+ V ) := w-^kCw- 1 ^), u;- 1 ( j B)))-(t / , ^oT 1 ^), •))+<£, k(uj-\B), •)) G F(D). 

It is equivalent to (f(A + £, _B + v)y e )Tg(BT*g = for every e G T(F(D)). But 
this is equivalent to the criterion (J3J). 
On the other hand, we have 

I/iei, / 2 e 2 ] = /1/2 [ei, e 2 ] + fi(p(e 1 )f 2 )e 2 - / 2 (p(e 2 )A)ei 

for every /1, / 2 G C°°(£) and ei, e 2 G r(F(D)). 

That is to say that [co~ l {A) + u*(£),u)-\B) + ^(77)] G for every (not 

necessarily constant) A + £,,B + 77 G r(£? x (gffifl*)). This completes the proof. □ 
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Corollary 4.3. Let (n : Q — > M,u,G/P) be a torsion free Cartan geometry, then 
for every Dirac Lie algebra D of g k q* containing p, we have F(D) is a Dirac 
structure ofTQ @T*Q. 

Proof. Because of torsion freeness, we have K(e\, e 2 ) G T{Q x p), for all ei, e 2 G D. 
Now D is isotropic and im(K p ) CpcD for every point p on P, so (ei,p) = 0, i.e. 
(ei, ft(e 2 , ■)) = 0, for every ei,e2 G D. So by Theorem 4.2, the proof is complete. 

□ 

Proposition 4.4. For every Dirac subalgebra D o/gixg* containing p ; F(D) is a 
P -invariant subbundle ofTQ © T*Q. 

Proof. The invariance of F(D) can be obtained from the P-equivariance of the 
Cartan connection, i.e. R a *oo = Ad(a _1 )ocj, Va G P, and the fact that [p, D] C D. □ 

Now let (n : Q — > M, u, G/P) be a Cartan geometry, D be a Dirac subalgebra of 
q x g* containing p, and F(D) be a Dirac structure on TQ®T*Q. By Proposition 14.41 
we have F(D) is a P-invariant subbundle. 

In order to obtain Dirac structures on M = G/P, we use the natural projection 
7r to push forward the Dirac structure from Q to M, i.e. define a subbundle 7r*(F(D)) 
of TM © T*M by 

tt*(F(D)) := {X + f G TM © T*M|X + tt*(£) G F(D)}, (9) 

where X G T(TP) denotes any P-invariant lift of X G T(TM). 

Theorem 4.5. Lei (tt : ^ — >■ M,uj,G/P) be a Cartan geometry, then for every 
Dirac Lie algebra D of q x q* containing p such that F(D) is a Dirac structure, we 
have 7r*(F(D)) is a Dirac structure of TM @T*M . 

Proof. At first, we have {e u e 2 ) TM ®T*M = (^i,^2)T9®T*g, where e 1 ,e 2 G r(7r*F(D)) 
and Si, §2 G r(F(D)) such that 7r*(ej) = e {) z = 1,2. So 7r*(F(D)) is obviously 
isotropic. Suppose X + £ G T(TM © T*M) such that (X + f, e) = for every 
e G r(7r*(F(D))). Because C F(D), where T V Q is the vertical distribution, we 
get (X + 7r*(£),e) = for every P-invariant lift X of X and every e G r(F(D)). 
Because F(D) is maximal, we get X + 7r*(£) G T(F(D)). By definition of F(D), 
X + eer(7r,(F(D))). 

To^see the integrability, let X + £, F + 77 be sections of tt*(F(D)) C TM © T*M 
and X + 7T*(£),Y + 11* (rj) be the corresponding sections of F(D) C TP © T*P. We 
have 

fx+7r*(e),y+7r*(7 7 ) 



= [X,y] + L=7r*(i7)-L ? 7r*(0. 



7 



But L^7i*(r]) -L X V e T V P and [X, Y] - [X, Y] G T v P where L x £ and [X, F] denote 

any P-invariant lift of L x £, and [X, Y] respectively. So [X, Y]+7i*(L x r])—7i*(LY^) G 
r(F(D)). Thus by definition [X + £, Y + 77] G r(7r*(F(D))). This completes the 
proof. □ 

Summarizing Theorem 14.21 and Theorem 14. 5} we get the main theorem of this 
paper: 

Theorem 4.6. Let (tt : Q — > M,u,G/P) be a Cartan geometry with Cartan curva- 
true k, then 7r*(F(D)) gives a Dirac structure over M if p C D and (.^(ei, e 2 ), e 3 ) + 
(K(e 2 , e 3 ), ei) + (K(e 3 , ei), e 2 ) = /or a// ei, e 2 , e 3 G D. 

Remark 4.7. By considering the complexifications of TQ © T*Q, g and p, the 
Theorem 14.51 also holds in the complex case. 

Corollary 4.8. Let (tt : Q — > M,u,G/P) be a torsion-free Cartan geometry, then 
for every Dirac subalgebra D of g x g* containing p, we have 7r*(F(D)) is a Dirac 
structure of TM © T*M. 

It is well-known that Poisson structures are special cases Dirac structures. Fol- 
lowing the discussions in [T7], we have: 

Corollary 4.9. Let (tt : Q — > M,u,G/P) be a Cartan geometry with Cartan 
curvatrue k, then 7r*(F(D)) gives a Poisson structure on M if D n Q = p, and 
(K(ei, e 2 ), e 3 ) + (K(e 2 , e 3 ), ex) + (K(e 3 , ei), e 2 ) = for all e u e 2 , e 2 G D. 

Example 4.10. Riemannian geometry can be defined as a torsion-free Cartan geom- 
etry modeled on an Euclidean space G/P with G = Euc n M, the group of Euclidean 
motions, and P = SO(n), see [21] for more details. In order to obtain a Dirac struc- 
ture on M by Corollary 14.81 we just need to find a Dirac subalgebra D of g k g* 
containing p, where g and p are Lie algebras of Lie groups G and P respectively. By 
Corollary 14. 9^ a Dirac subalgebra D of g K g* gives a Poisson structure on a Rieman- 
nian manifold M if Dflg = p. Now, let M be a 2-dimensional Riemannian manifold, 
then its flat model is just Euc 2 R/SO(2). The Lie algebra g of Euc 2 M is generated 
by ei, e 2 , e 3 , and the Lie bracket is given by [ei, e 2 ] = — e 3 , [ei, e 3 ] = e 2 , [e 2 , e 3 ] = 0. 
The Lie subalgebra p of g is generated by e\. Then we choose a subspace D of g x g* 
by D = span{ei, e 2 — e 3 , e 3 + e^}. It is easy to see that D is a Dirac subalgebra and 
D H g = p, so D gives a Poisson structure on the Riemannian manifold M. 

From Theorem 12.31 and Corollary 14.8} we have: 

Corollary 4.11. Let (tt : Q — > M,u,G/P) be a torsion free Cartan geometry. If 
D C Qc K 0c* is a Dirac subalgebra containing pc and F(D) is a Dirac structure on 
Q , then D induces a generalized complex structure on M if and only ifDC\D = pc- 
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Definition 4.12. Let (tx : Q — > M,u,G/P) be a Cartan geometry, a Dirac struc- 
ture L of TM © T*M is called a linear Dirac structure if there exists a Dirac 
subalgebra D of g x g* such that L = 7r*(F(D)). A generalized complex structure J 
on M is called a linear generalized complex structure if the \-eigenbundle of 
J is a linear Dirac structure. 

As a special case of Theorem 14. 61 we study the Dirac structures on a homogeneous 
space G/P, where P is a closed connected subgroup. Here the Cartan connection u 
is just the Cartan 1-form and the curvature k = 0. We identify left-invariant vector 
fields with g by u. So we see that for every Dirac Lie algebra D of g tx g*, F(D) is the 
corresponding left invariant Dirac structure on TG © T*G. By Corollary 14. S\ every 
Dirac Lie algebra D containing p gives a Dirac structure 7r*(F(D)) of TM © T*M 
and it is easy to see that this Dirac structure is G-invariant. On the other hand, we 
have. 

Theorem 4.13 ([IB])- There is a bijection between the G-invariant Dirac structures 
on G/P and the set of Dirac subalgebras D of q tx q* containing p. 

So in the case of a homogeneous space, the Dirac structures and generalized 
complex structures studied in [TH] are just the linear Dirac structures we get by 
Theorem 14.61 

From the discussion above, we see that linear generalized structures are deter- 
mined by data in the Lie algebra. At the same time, the G-invariant generalized 
structures on the homogeneous space G/P are determined by the same algebra data 
(see Corollary 14.161 and [TS]). That is to say, there is a bijection between the linear 
generalized structures on a torsion free Cartan geometry (tt : Q — > M,u,G/P) 
and the G-invariant generalized structures on its corresponding homogeneous space 
G/P. Every invariant generalized structure on G/P has a corresponding "curved" 
generalized structure on G/P, so as a curved homogeneous space, every Cartan ge- 
ometry inherits the generalized structures of its flat model (homogeneous space) in 
the above sense. 

Now, every G-invariant generalized structure in torsion free Cartan geometry 
can be decoded by the corresponding Dirac Lie algebra of g k g*, i.e. linear Dirac 
structures. On the other hand, every maximal isotropic subspace of g x g* is of the 
form 

L(E, e) := {X + £ e g © g*|X e E and i x e = £ lE } 
where E is a subspace of g and e e A 2 g*. 
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Proposition 4.14. L(E,e) is integrable with respect to the semidirect Lie algebra 
g K g* if and only if 

1. E C g is a subalgebra, 

2. d E e = 0, 
where d E is given by 

d E e(X, Y, Z) = e(X, [Y, Z\) + s(Y, [X, Z\) + e(Z, [X, Y]), 

for allX,Y,Z e g. 

Proposition 4.15. Let L(E,e) be a Dirac subalgebra of g x g* , then p C L(E,e) if 
and only if vanishes on p . 

By the propositions above and Theorem 14.6} we have: 

Corollary 4.16. The linear Dirac structures on a Cartan geometry (ir : Q — > 
M, uj, G/P) are parameterized by pairs (E, e), where E is a subalgebra of g containing 
p, d E £ = 0, vanishes on p, and {K(e x , e 2 ), e 3 ) + (K(e 2 , e 3 ), ei) + (i^(e 3 , ei), e 2 ) = 
for every e 1 ,e 2 ,e 3 G L(E,e). 

Following the discussion in [TSj, we get: 

Corollary 4.17. Let (n : Q — > M,oj,G/P) be a Cartan geometry. There is a 
bijection between linear generalized complex structures on M and pairs (E, e) where 
E is a subalgebra of gc and e G A 2 E* with 

1. p c C E, 

2. E + E = g c , 

3. d E e = 0, 
4- eKp) = 0, 

5. For all X G E f]E, if s(X, Y) - e(X,Y) = for every Y G E n E, then 
X G p c . 

6. (K(e 1 ,e 2 ),e 3 ) + (K(e 2 ,e 3 ),ei) + (K(e 3 ,ei),e 2 ) = 0, for all e 1 ,e 2 ,e 3 G L(E,e). 
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From Corollary 14.161 or 14.171 we see that for a general Cartan geometry, the 
criteria for a Dirac subalgebra of g ex g* to represent a generalized structure are the 
same as in the homogeneous case except for the extra condition involving the Cartan 
curvature. Conversely every Dirac subalgebra of g x g* which gives a Dirac structure 
on a Cartan geometry also gives a G-invariant Dirac structure on the corresponding 
homogeneous space. The homogeneous space case has been studied thoroughly in 
[IB], so it would be interesting to analyze some special (torsion free for example) 
Cartan geometries to obtain new generalized complex structures. 
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